Introduction
Non-equivariantly, the Pontryagin-Thom construction (see the classical paper by Thom [24] ) yields an isomorphism between (non-equivariant) real geometric bordism N * and the groups MO * associated to the (non-equivariant) Thom spectrum. For a compact Lie group G, Conner and Floyd defined equivariant real geometric bordism N G * (see [3, Section 19] ). The study of an equivariant analogue of the Thom spectrum and groups associated to it leads to the definition of equivariant homotopic bordism MO G * . It's possible to define a Pontryagin-Thom map between these groups, but this fails to be an isomorphism if G is a non-trivial group due to a lack of equivariant transversality. It it not known, whether the equivariant Pontryagin-Thom map is a monomorphism for all groups; however for G = Z/2 × · · · × Z/2, injectivity was shown by tom Dieck, see [7, Theorem 1] .
Sinha investigates N Z/2 * and describes it as a subring of MO Z/2 * , generated by certain elements that are images of geometric bordism classes under the equivariant PontryaginThom map, see [21] . He also describes the quotient N This theorem is an analogue of a result in complex equivariant bordism for G = S 1 × · · · × S 1 proved by Hanke, see [11, Theorem 1] . In our proof we follows Hanke's argument closely and use the same techniques, most of which have already been employed in this context in a paper by Sinha, see [20] . The methods of proof include the use of families of subgroups and the analysis of normal data around fixed sets. Some considerations become easier in view of the fact that we are considering a finite group, instead of the compact, but infinite, group S 1 × · · · × S 1 . In order to define homotopic equivariant bordism, we use, but don't discuss in much detail, the notion of complete G-universes and equivariant homotopy and homology theory and give detailed references instead.
In the next section, we review real equivariant bordism and its basic properties. Section 3 is occupied with the proof of Theorem 3.18, carefully defining all necessary maps first. Our article is based on [10] and we strive to give elaborate definitions and proofs. However when a result can be found already well-documented in the literature, we refer the reader to it. smooth. A singular G-manifold over a pair of G-spaces (X, A) is a G-manifold M with (possibly empty) boundary together with a G-equivariant map f : (M, ∂M) → (X, A).
This gives an equivalence relation on singular G-manifolds over a pair of G-spaces (X, A). By N G n (X, A) we denote the set of such bordism classes. If A is empty we shorten N G n (X, ∅) to N G n (X) and if X is a point, we shorten N G n (pt) to N G n . The direct sum over all dimensions N G * (X, A) is called the real equivariant bordism module. Addition is induced by taking the disjoint union on representative and the N G n -module structure is induced by taking the product of representatives. As in the non-equivariant case (compare [3, Section 5] ), N G * (−, −) gives a Z-graded equivariant homology theory, with long exact sequence
Homotopic real equivariant bordism
In this section we restrict ourselves to a finite abelian group G for simplicity. Many of the constructions can be carried out for arbitrary compact Lie groups. A real Grepresentation is a finite-dimensional real inner product space V together with a smooth action of G on V through linear isometries. We denote the trivial n-dimensional representation, i.e. R n with trivial G-action, by n. Let |V| denote the dimension of a representation V and S V its one-point compactification. Let J be a complete set of representatives of equivalence classes of non-trivial irreducible representations of G. Notice that |J| = |G| − 1 and that there is an isomorphism
where R denotes the regular representation. For the basic notions of representations of finite abelian groups see for example [19 Finite G-subspaces of U will be called indexing spaces. By BO G (n) we denote the Grassmannian of n-dimensional subspaces of U . For the trivial group {e} a complete {e}-universe is given by R ⊕∞ and BO {e} (n) is also denoted by BO(n). Generally, BO G (n) is a classifying space for n-dimensional real G-vector bundles, compare [9, Chapter I, Section 9]. Let ξ G n be the tautological bundle over BO G (n) and T(ξ G n ) be its Thom space. For two indexing spaces V and W , such that V ⊂ W , we denote the orthogonal complement of V in W by W − V . Let π be the product G-vector bundle with fiber W − V . The classification of the product bundle π × ξ G n yields a
by passing to Thom spaces.
For n ≥ 0, the homotopic equivariant real bordism groups are defined in non-negative degrees as
and in negative degrees as
Here [−, −] G denotes G-homotopy classes of G-equivariant maps, and the structure of an abelian group can be given to the colimit by using the group structures of homotopy classes of maps from S W for representations W containing copies of the trivial representation. For V ⊂ W , the map in the colimit is obtained by smashing with S W−V and then composing with the map σ V,W (or with the map σ V⊕n,W⊕n in case of negative degrees respectively).
We can view an indexing space V as a |V|-dimensional G-vector bundle over a point. Classifying this bundle and passing to Thom spaces gives a map S V → T(ξ |V| ). If we precompose with the inclusion S 0 → S V , which is induced by the zero map 0 → V , we obtain an element ε V ∈ MO G −|V| , which is called the Euler class of V .
Equivariant spectra and (co)homology theories
A more conceptual approach to homotopic real equivariant bordism is via equivariant spectra. We refer the reader to [14, 
The equivariant Pontryagin-Thom map
We give a short description of the Pontryagin-Thom map. For every k ∈ N we construct a map PT : 
). This generalization of the classical Pontryagin-Thom construction is due to tom Dieck, [7, §1] . Also compare [1, §3] and [11, p. 681 ].
Theorem 2.1
The above construction is well defined and a group homomorphism. It induces a ring homomorphism and a homomorphism of N * -modules
Furthermore the construction induces a natural transformation of Z-graded equivariant homology theories PT :
One major ingredient for the proof of Theorem 3.18 is the observation that the equivariant Pontryagin-Thom map is injective for certain groups. For a pair of G-spaces (X, A) with "good local properties", i.e. such that excision can be applied, the following has been shown by tom Dieck.
For non-trivial G it can be seen that the Euler classes ε V for G-representations V without trivial summand are non-trivial elements in MO G −|V| , see [14, Chapter XV, Lemma 3.1]. Hence the Pontryagin-Thom map is not surjective, since it's a graded map and N G * has no elements of negative degree by definition.
Families of subgroups
It's useful to consider geometric bordism groups with restricted isotropy. We review concepts of [4, Sections 5 and 6] and [14, Chapter XV, Section 3]. All subgroups considered in this section are required to be closed. A family of subgroups F of G is a set of subgroups of G that is closed under conjugation and closed under taking subgroups. The family of all subgroups in G is
and the family of all proper subgroups in G is
Let F ′ ⊂ F be a pair of families of subgroups of G. An F -manifold is defined to be a G-manifold M such that all isotropy groups of M are in F and an (F,
To define a similar concept in homotopic bordism, we consider certain types of universal spaces. Let F be a family of subgroups. There is a space EF called a universal F -space of G, which is unique up to G-homotopy, with the following properties: (EF) H is (non-equivariantly) contractible for H ∈ F and it's empty for H / ∈ F. Given an F -manifold M , there is one and, up to homotopy, only one G-equivariant map M → EF . For more on this space see [8, Satz 1] , [9, Chapter I, Theorem (6.6)] and [14, p. 45] . With these universal F -spaces we make the following identification:
This leads to the the definition
The long exact sequence of the pair (EF,
We call this the Conner-Floyd exact sequence and it has a geometric interpretation:
The map ∂ is actually induced by taking boundaries of singular (F, F ′ )-manifolds. For real homotopical equivariant bordism MO G * (−) we call the corresponding long exact sequence the tom Dieck exact sequence:
From now on we set G = (Z/2) l for some l > 0 and fix a complete set J of representatives of isomorphism classes of non-trivial irreducible G-representations.
Map from homotopic bordism
First we define certain indexing tools. The free abelian group ZJ can be considered to be an additive subgroup of the real representation ring RO(G). We set
This is a graded ring; the grading is induced by the virtual dimension of elements in ZJ ⊂ RO(G). We have an isomorphism
for indeterminates e V of degree −|V| and e
−1
V of degree |V| with the obvious relations. It is induced by
Compare the analogous complex definitions in [11, p.683 ].
Let's consider the fixed set of the equivariant Thom space. We have the following homotopy equivalence:
where RO + (G) is a set of G-representations, containing one from every isomorphism class. It can be viewed as a subset of RO(G) . The number of times V appears as a direct summand of W is denoted by ν V (W).
Proof The space (BO G (n)) G classifies n-dimensional G-vector bundles E over a base space X with trivial G-action. Such an E decomposes into V -isotypical subbundles as follows:
This is a well-known result; Segal gives a proof in [18, Proposition 2] , and for G a finite group Oliver [16, Appendix] also gives a proof. The base X decomposes into a disjoint union of subspaces X W over which E has constant fiber W . The restriction of E to X W is classified by a map to
where the map to the factor BO(ν V (W)) is a classifying map of E V . The universal bundle over this space is the product ξ |W G | × ξ , where ξ |W G | is the |W G |-dimensional universal bundle and ξ is a G-vector bundle without trivial direct summand in the fiber, so E(ξ) G is the zero section V∈J BO(ν V (W)). Taking all these classifying spaces together we get
and passing to Thom spaces gives
We want to define a ring homomorphism
] and start with a map which is essentially restriction to fixed sets. To be more precise, we pass from the Thom spectrum MO G to its geometric fixed sets spectrum Φ G MO G 
]).
We consider the classifying space BO(n) and define
The space BO carries an H -space structure that arises from classifying the product of bundles. We set B := BO ×|J| .
Compare [5, §2] for the complex analogue BU ; notice that since G is finite, we don't need to consider a proper subset of BO ×|J| . There is an equivalence of ring spectra
Here RO(G) carries the structure of a ring spectrum induced by the isomorphism
The proof of the analogous complex case [20, Theorem 4.9] can be translated wordby-word; the essential ingredient is the description of the equivariant Thom space of Lemma 3.1. 
. This induces the desired isomorphism. 
Definition 3.6
We combine the results of Propositions 3.2 to 3.4 to define a map
as follows:
where the first map is given by restriction to fixed points. Not including the last isomorphism we get a map
Localization
The reason for naming the indeterminates e V is explained in the lemma below, which can be proved by chasing through the definition of the map φ MO and the Euler classes ε V . 
is an isomorphism. 
Corollary 3. 10 We have Φ MO • λ = φ MO and φ MO is a monomorphism.
Map from geometric bordism
Next we want to construct a map
See [11, Proposition 3] 
for real vector bundles E k and irreducible G-representations V k . Notice that for the groups we consider |J| = 2 l − 1. Define
where b F ∈ MO n−m (B) is represented by a map F → B with V k -th component the classifying map for E k . Altogether we get the following map:
Compare tom Dieck's description of the map in [7, Section 5] . Composing with the isomorphism of Proposition 3.4 we get a map φ N :
and, as we will show next, its image is contained in MO * [e
In fact every element in MO * (BO(|E k |)) can be written as a sum of monomials with at most 
Remark 3.12 Notice for the complex analogue of our Lemma 3.7, namely the statement
in the notation used there [11, p. 685] , an analogous map ι is used. However, since
Lemma 3. 13 The following diagram commutes:
A detailed proof of the analogous complex result that translates immediately to the real case is given by tom Dieck [5, Proposition 4.1].
Bordism with respect to families of subgroups
Proposition 3.14 (compare [11, Proposition 4]) There is an isomorphism
such that the following diagram commutes:
The map j N comes from the Conner-Floyd exact sequence (see Section 2.5).
Proof The isomorphism κ N is constructed as follows. A manifold N that represents an element [N] ∈ N G n [A, P] is bordant to every closed tubular neighborhood of its fixed set M := N G , which lies in the interior of N , since there are no fixed points on the boundary. This can be seen by a straithening-the-angle argument and then giving the bordism explicitly as explained in [4, Lemma (5.2) ]. From here one proceeds exactly as in the definition of the map φ N (see Section 3.3), which ensures the commutativity of the diagram immediately. To see that κ N is an isomorphism we give an inverse
The element e 
N is defined by requiring it to be a homomorphism of N * -modules. Clearly κ 
For the G-complex ΣEP (compare Section 2.5) and any proper subgroup H G, the space (ΣEP) H is contractible by the construction of EP and furthermore
Since S W is a finite G-complex, we obtain 
Here the upper horizontal map is the first map in the definition of φ MO ; it's restriction to fixed sets. The vertical map j on the left hand side comes from the tom Dieck exact sequence. Let f represent an element in
Restricting to fixed sets gives an element represented by
On the other hand we see that
gives the same element and the diagram commutes. Combining this with isomorphisms of Propositions 3.2 to 3.4 we get κ MO • j = φ MO . 
This is essentially proved in the same way as Lemma 3.13. Notice that ι corresponds to ν there (see Definition 3.11). Given an element [N] in N G n [A, P] we construct the element i • κ N ([N]) using the same notation as in the definition of κ N . Then
On the other hand we choose an embedding N → U into a G-representation
is then represented by a map S U → T(ξ G |U|−n ) ∧ EP classifying the normal bundle of the embedding. Considering the map
We examine the normal bundles of the embeddings 
Statement and proof of main result
Proof Putting together the exact sequence of the the pair of families of subgroups (A, P) (see Section 2.5), the natural transformation coming from the PontryaginThom map (see Theorem 2.1) and commutative diagrams of Propositions 3.14, 3.17 and 3.15, we obtain the following commutative diagram with exact horizontal rows: 
Comparison with Sinha's results for G = Z/2
The description of MO Together with Proposition 3.14 we immediately get the following. 
